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NOMENCLATURE

B
Peak magnetic flux density. C Elastic modulus tensor.
C e
Thermal capacitance of an element.
Cp
Heat capacity. 
T
HE power yielded by an electrical machine is limited by its maximum operating temperature. A more efficient cooling system or a colder environment allows the same machine to be operated above its rated power without decreasing the expected lifespan [1] .
Small motors trust on internal air flow along the airgap, and external along its cover, to provide cooling. Although this approach is simple and needs no maintenance, it presents the drawback of linking the rotational speed of the machine to its cooling rate, whilst its heating remains proportional to the yielded torque. A balance could be achieved for nominal operation of motors connected to the grid; however, the introduction of variable speed drives prevents following this approach any longer [2] . Furthermore, the use of these devices introduces harmonics in the supply voltage that completely deform the current waveform feeding the machine. These high-frequency harmonics increase losses, and hence the heating rate of the motor [3] .
Thus, for these cases, a cost-effective solution is adding another electrical motor to independently move the fan. This arrangement allows us in providing an external air flow to increase cooling, although internally, along the airgap and around the end windings, heat transmission is not improved [4] , [5] . Nevertheless, in several applications and motor configurations, an independent cooling subsystem cannot be arranged. In vehicle in-wheel motors, for instance, the necessity of keeping the nonsuspended weight as low as possible generally prevents the use of any additional elements. Moreover, for these tasks, the geometry of the machine is completely altered, typically switching the positions of stator and rotor, now external to the first one. Also, in such dynamical applications [6] , nonstationary operation prevails along the entire life cycle of the machine, therefore a thermal stationary state is never reached, and overload periods might be habitual, for instance, when starting the movement of the vehicle on slopes [7] . A careful thermal analysis during transient operation for this kind of applications is needed, since high temperatures have an immediate impact on this equipment due to their demagnetization effect [8] .
Besides design, in which the intended objective is to maintain the maximum temperature below certain threshold to prevent reducing the lifespan of the machine, a novel application of thermal computation just lies in determining that lifespan when due to a defect, this limit is exceeded. Within the new condition-based maintenance and prognostics and health management (CBM/PHM) architecture, the output usually generated by diagnosis systems consisting of a binary value indicating the state of a machine or element (healthy/faulty) has evolved into a more detailed methodology by which the evolution of the fault is traced from its early stages by an array of advanced diagnosis methods [9] and extrapolated in order to predict the remaining useful life (RUL) of the equipment. The result of its application consists of a time-span value long enough to allow scheduling corrective actions [10] .
Two kinds of approaches are followed for performing this prognosis of the defect: data-driven approach and the physics of failure (PoF) approach. The first one is specially employed when the mechanism of failure is not clear, whilst for the second one accurate thermal computations are essential since localized defects, such as hot spots in the stator windings, are the underlying cause of common failure modes in rotating electrical machines due to the cyclic stress that thermal expansion produces [11] . In this context, accurate thermal and mechanical modeling can provide an insight into the PoF that explain the growth and propagation of the defect, adding a complementary methodology to data-driven models for correctly predicting its evolution.
Rotor cage failures are faults well suited for the application of a full CBM/PHM system since they constitute a slow evolving defect and usually affect large machines started under high inertia [12] , thus being equipment on which the deployment may be justified.
Despite the complexity required for the development of these models, which comprise several physical phenomena, there have appeared seminal studies on the matter since the beginning of the century. In [13] , a comparison of aluminum and copper cages from the design point of view is presented, including their behavior during a direct-on-line startup, which is identified as the most demanding operating condition (especially under high inertia loads) and the connections of the bars to the end ring as the higher stress points. The conclusion is that copper is advantageous, especially from a thermal and mechanical point of view, due to its greater heat capacity and higher strength, although the underestimation of mechanical and thermal expansion stresses during the design stage and poor brazing during the manufacturing appear responsible in this case for premature failures [14] . Furthermore, it is also indicated that in a die-cast cage, any relative movement between bars and rings is not allowed, thus increasing stresses in the end-connectors joints compared to welded bar ones.
On the other hand, Cabanas et al. [15] tackled the problem directly by modeling and reproducing the fault itself. The actual equipment was analyzed through finite-element analysis, followed by a series of fatigue tests. A time-stepping method was used to simulate a startup transient, being the tangential forces acting on the bars computed from the rotor acceleration. These values fed a mechanical finite element (FE) model, in which the position of the nodes in the end rings was fixed, whilst the movement of the ones in the bars remained unrestricted. Even increasing the stresses in the end-connectors sections by adding the effect of cracks or other imperfections, it could not be reproduced a bar breakage. Fatigue testing on actual equipment yielded the same result, thus concluding this paper that this fault is caused by a combination of both thermal and mechanical loads.
A third approach is carried out in [16] to explain actual damage observed in rotors. An analytical methodology is used to model the full electromagnetic (EM)-thermal-mechanical problem in order to obtain the stresses on the leakage filament joining the bars of two cages. This connection between the external, higher resistance cage for increasing the torque during the startup, and the internal one, intended to reduce their combined resistance during stationary operation, is needed to avoid the flux missing the deeper one and constitutes a weak point in the rotor's electrical circuit. Under severe operation, as it is usual in the harsh environment of the mining industry with frequent starting ups and stall conditions, the rising temperature in the leakage filament increases the stress of aluminum beyond its yield limit and when the rotor is allowed to cool down microfractures appear. If its melting point is exceeded, the result is a neat effect wherein the material flows out of the slot and projects across the airgap to finally damage the stator winding.
Yabiku et al. [17] provide a further insight of thermal aspects involved in the design of an induction motor. A per-phase analytical circuit and two thermal network models are used to study the heating of a healthy rotor cage in stationary operation as well as during transients such as startup and stall conditions. For these cases, the skin effect on the bars, which is modeled by a multilayered approach, and the heat transfer toward the rotor teeth are taken into account. The results are validated for the later transient by experimental tests on several rotors. An initial assessment of their mechanical effects in the lifespan of the machine is also performed.
Finally, the issue was fully addressed experimentally in [18] with the implementation of a fatigue test aimed at developing a bar breakage by subjecting an induction motor to heavy transients, in this case startup and plug stopping cycles. The results show that the fault could not be reproduced until the cage was weakened, basically creating a hot spot as studied in [16] but in this case at a bar's end. The effect of the fault's progression on the stator currents was fitted to a crack propagation model that allowed carrying out a prediction of the RUL of the bar once the fault had been detected at incipient level. Nevertheless, the requirements regarding a long, heavy cycling during the fatigue test imposed the selection of a small size machine, thus preventing the acquisition of the rotor magnitudes, as it is done in [17] . Therefore, although the driving mechanism behind the breakage was identified, a PoF model could not be established.
Thus the aim of this paper is to develop a model capable of providing a further insight into the transient operation of damaged rotor cages by computing the rotor's electrical, thermal, and mechanical magnitudes under which that breakage occurred. This model is improved and adjusted based on the measurements performed on the stator during the fatigue test presented in [18] . Given the complexity of the task, involving three areas of physics, several techniques are employed according to the degree of detail needed. Early studies in heat transfer [19] already advocated for FEM for assessing the effect of hot spots in an induction motor during transients. However, since this spatial accuracy is not needed in the stator, lumped parameters are preferred there, thus a thermal network is used to model this part of the machine [20] , [21] . Both FEM and lumped thermal models are linked by the power transferred through the Neumann boundary conditions set at the external surfaces of the rotor. This approach sharply reduces computational needs and simplifies the modeling of the convection in the airgap and end caps. Similarly, the rotor bars are loaded for each time step with the value of current computed by an EM analytical model in this case of the full machine, presented in [22] , whilst losses and the skin effect are calculated from the rotational speed yielded by this EM model according to [23] for the former, whilst for the later a novel approach is utilized. In order to obtain the mechanical effects caused by thermal expansion, a postprocessing stage computes the stresses and deformations according to the temperatures reached at the end of the transient.
The remainder of this paper is organized as follows. Section II is dedicated to introduce the calculation procedure followed as well as the finite element modeling (FEM) tool used, Section III presents initial validation according to the only available temperature sensor in the machine, and Sections IV and V yield the results obtained and draw the corresponding conclusions, respectively.
II. METHODOLOGY FOLLOWED
The combined model used in this paper is divided in two parts: the mesh depicting half of the rotor, on which the electrical, thermal, and mechanical field variables are solved, and ancillary functions that compute the parametric models and provide this mesh with the required boundary conditions and body forces. The linking is made at the external surfaces of the rotor for the thermal variables, since considering a symmetrical machine, no heat is exchanged through its middle cross section. Conversely for the electrical ones, the connection between the models is done at the bars surfaces in that cross section and current insulation is assumed for the rest, either because they are surrounded by air or also due to symmetry in the shaft and iron. Two coupled FE solvers constitute the core of the combined model (see Fig. 1 ). The first one, static current, is endowed with the task of calculating in the rotor the distribution of the currents, considered dc within the time step, and their corresponding joule heating P joule according to the potential at the middle of the bars V bar supplied by the EM model, and the second one is used to calculate the heat transfer taking into account the temperature on the rotor external surfaces computed by the thermal network θ ext . To model the effect of the hot spot, the conductivity of aluminum σ(θ) has been considered temperature dependent; therefore, this value is updated in the first solver at the end of the second's computation.
Routines written in FORTRAN and compiled as dll's are called before each time step by the FE software in order to recalculate the parametric models according to the previous FEM solution, using the rotor external temperatures θ rotor and currents in bars I bar , and update the boundary conditions and body forces accordingly. The skin effect and the iron losses are modeled separately by other two subroutines and updated on the nodes of the mesh. Finally, a postprocessing FE linear elastic stage determines the mechanical effects caused by the heating.
A. FEM Model
The numerical computation tool used for solving partial differential equations in this paper has been Elmer FEM, a software developed mainly by the CSC -IT Center for Science, Finland, since 1995 and released as open source in 2005 [24] . It includes more than 20 physical models and several numerical methods. Initially aimed at taking advantage of parallel computing resources, its modularity offers high flexibility when tackling complex multiphysics problems. For pre and postprocessing, commercial software and Paraview [25] were utilized instead.
The coupling of two FEM modules, heat transfer and static current conduction, allows solving in sequence the Maxwell's and heat equations in the rotor mesh for each time step. From a quasistatic point of view (skin effect is neglected here)
The electric field can thus be expressed in terms of the electric scalar potential φ and taking into account the relation between current density and electric field in (3), it yields
σ being the electric conductivity, which in the aluminum regions is variable with temperature [26] and provides the coupling parameter between the static current and heat transfer FE modules, whereas in the rotor's iron σ is a second-order constant tensor to take into account the negligible conductivity in the axial direction, being the values in the other two directions the corresponding to the interbar resistance assumed in [27] . Equation (4) is used to solve the electric potential whilst the Joule heating is computed by
which constitutes the internal generation input to the heat equation h in the aluminum regions of the mesh, solved by the corresponding module
ρ d being in this case the density of the material, c p the heat capacity, and k a second-order tensor accounting for the thermal conductivity of the material, which is heavily anisotropic in the iron regions due to the effect of the laminations [1] . In this area of the rotor, the generation term is also modified to take into account the Eddy current losses as
Decoupled from this FE computation core devised to obtain the dc current and heat distribution in the rotor, the mechanical effects in the cage produced by the heating are calculated as a postprocessing stage by the Elmer's linear elastic module, using the dynamical equation for elastic deformation of solids (8) to obtain the displacements in mesh
d being the displacement field, f a volume force, and τ the stress tensor
where C(θ) is elastic modulus tensor (unlike [28] dependent on the actual temperature of the rotor nodes θ at the time step considered [29] ), β the thermal expansion tensor, in this particular case both reduced to scalars and θ 0 the reference temperature. The linear strain is obtained simply as
Since no magnetic behavior is taken into account in these partial differential equations, the feeding of the rotor bars constitutes a nontrivial question. According to a previous analytical study [27] , due to the ring connections at both ends of the bar, the maximum interbar voltage was achieved around the middle point of this element. Hence, in order to provide a suitable boundary to impose the electrical potential φ obtained from the EM routine and to reduce the number of degrees of freedom of the model, the mesh solved by these three Elmer modules depicts just half of the rotor (see Fig. 2 ).
B. Analytical Models
Before each time step, the functions below are called by the corresponding solvers to update several parameters in the mesh.
1) Thermal Network:
A transient lumped thermal network was formed to study the impact of rotor bar breakage on the machine's stator side. This network offers an analytical solution of the transient heat conduction across the machine's stator, as well as the associated convection processes. Such a lumped model is a simple way to observe the time-dependent temperature distribution in the stator. It is governed by
where, C e is thermal capacity of each node, [G] matrix of thermal conductances, and P is the power generation at the nodes. This transient lumped model neglects possible temperature gradient within a lumped solid during the transient process. The corresponding thermal network shown in Fig. 3 encompasses just half of the stator due to symmetry. Since the machine is totally enclosed, cooling occurs through forced convection over machine's outer frame, represented by Ro1. Rs1 accounts for the frame-yoke constant resistance. As indicated in [1] , two T circuits model the yoke and teeth (nodes 12 and 13), with the small negative resistances Rs3 and Rs5 necessary to adapt a distributed source into a point heat injection. Rs6, Rs8, and Rs9 constitute another T circuit accounting for the longitudinal temperature variation in the slot windings and similarly Rs10, Rs12, Rs14, and Rs15 for the end windings, Rs8 and Rs14 being the conductors insulation thermal resistance and Rs15 accounting for the convection to the end space. The bearing (Rb1-Rb3 for the rolling elements and both rings) and the end cap (Rdf) have also been included in the network. Nodes numbered 4, 5, 8 bridge the stator and rotor and receive the power losses q from the corresponding boundary conditions on the rotor side (end ring, rotor iron and shaft), as indicated by the arrows, whereas their temperatures θ ext update the gradient value in the Neumann boundary condition of the mesh for the next time step t
k here stands for the convection coefficient on the surfaces of rotor and end ring and the conduction coefficient on the shaft. In this way both models are coupled. The end ring convection heat transfer coefficient has been considered speed dependent during the simulation.
2) Analytical Model of the Motor: For thermally loading the motor in this paper, an improvement of the solution devised in [17] was preferred. Instead of a per-phase model of the machine, the analytical model published in [22] was specifically devised to reproduce the effect of several faults, including electrical asymmetries, thus this model takes into account the position and current of every conductor along the airgap. In addition, a circular convolution computed by means of the FFT allows a precise calculation of self and mutual inductances. This process is carried out in MATLAB for the motor whose characteristics are shown in the Appendix before the actual simulation begins, filling a 3-D lookup table, which is read by the FORTRAN routine when the FEM simulation starts and stored in the computer's memory for the rest of its duration.
Given the different time constants involved in thermal and EM phenomena, this analytical model operates at 1000 times the rate of the FE one (1000 time steps of the EM model are computed when the FE model request updating the boundary conditions at a new time). As in the previous point, the ordinary differential equations for each circuit are integrated using the Crank-Nicolson method. Half the resistive part R r I r of the voltage (13) is applied to the corresponding bar
The integration of the current circulating through the same boundary where the voltage is applied is yielded by the FE solver and used to update the bar resistance in the EM model through a low-pass filter.
3) Losses and Skin Effect Modeling:
Elmer provides the capacity of imposing values on the nodes for the parameters used in the computation. This has an immediate application for adding the iron losses to the model by computing a further generation term (7) for (6) . An iron losses model that takes into account their variation with frequency is used for this purpose [23] . The magnetic flux density fundamental frequency in the rotor f s is obtained from the movement equations of the motor, which are integrated along the EM ones in the previous module, whereas the peak magnitude is assumed, according to previous 2-D FE simulations of the same motor, constant with a value of 1.8 T. The corresponding values for M43 electric steel at that flux density are used in this paper for all four coefficients in (14) . Nevertheless, the hysteresis coefficient k h and the exponent α are also implemented in the code as frequency dependent, as indicated in [23] 
Since the aim of the model is to compute the heating of the rotor during transients, an adequate calculation of the skin effect is necessary; however, no magnetic variables are solved in the mesh; therefore, the strategy followed in this paper has been to reflect the differential heating it causes on the bars by modifying the heat capacity of the bar along its height, according to the rotational speed supplied by the EM analytical model. The analytical equations used to compute it assumed a sinusoidal variation of the current [1] , [16] . The curve obtained for each frequency was normalized to 1 in order to avoid altering the overall heat capacity of the rotor. A polynomial-formulated 
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surface was fitted to the resulting points (see Fig. 4 ). No skin effect was considered whatsoever in the end ring.
III. INITIAL VALIDATION (COLD STARTUP)
With the objective of carrying out an initial assessment of the model's performance, a cold startup simulation is performed. For this transient, accurate initial conditions of the motor's temperatures can be established and hence an easier comparison with the data provided by a thermocouple, installed during the experiments through the connection box on the stator and next to end windings, is possible. This would reflect the electrical and thermal accuracy of the model.The parameters and material's characteristics used for both simulations are presented in Table I .
A. Assumptions
With the aim of critically establishing the utility of the model proposed in this paper, the assumptions made on all its modules are enumerated and discussed as follows.
1) No saturation is considered in any of the models. This prevents the accurate linking of the effect of the fault on the stator currents. 2) A current distribution according to a dc excitation is computed. Electrically, only the effect of the resistance is taken into account in the mesh. 3) The skin effect in the end ring is neglected. Despite the small height of the hot spot, at the relatively high frequencies experienced during braking (100-50 Hz) this might cause particularly high temperatures on its upper surface. 4) Skin effect and iron losses, when modeled, are performed according to a sinusoidal variation of flux density assumption. Slotting harmonics cause additional losses next to the surface of the rotor not accounted for. 5) Heat convection is not computed. Analytical equations are used instead to obtain global heat transfer coefficients that are applied to whole surfaces: shaft, end ring, and rotor iron, thus averaging those heat fluxes. 6) Thermal contact resistances, a big source of uncertainty in thermal studies, are also ignored. 7) No heat transfer by radiation is considered. Although this effect would slightly lower the temperature at the bottom of the hot spot, facing the shaft, the heat transfer by radiation in the rest of directions is low, due to similar temperatures of the receiving surfaces (end ring, end winding). 8) In the linear elastic analysis, the influence of iron is not taken into account.
B. Cold Startup Results
During the periods in which the fatigue test presented in [18] was periodically stopped, the motor studied almost reached ambient temperature. This allows establishing a constant distribution to initialize the mesh and the thermal network and thus an easier assessment of the electrical and thermal models performance, contrary to the plug stopping transient, which was carried out after 20 s of operation. Fig. 5 shows the values recorded by the thermocouple installed in the motor's connection box for five cold startups during In addition, simulated temperatures up to 7 s, when the startup transient ends, for the end space area (nodes 3, 4 and 10 in Fig. 3 ) and the outer part of the stator (node 13), are also depicted. The recorded values do not correspond to any of them, as it is expected from the position of the sensor and the parametrization applied in the synthesis of the thermal network. However, the thermal inertia showed in the evolution corresponds to the stator yoke and the motor's outer surfaces, as well as a total temperature increase influenced by the end space region.
IV. RESULTS (PLUG STOPPING)
The most demanding conditions the motor suffered during the fatigue test in [18] were achieved at the end of each cycle, during the plug stopping. In order to have an insight of the mechanical effects, this transient caused another simulation to be carried out. The initial condition is, in this case, the warm rotor (443 K) being the FE model initialized with this value for the whole mesh whereas for initializing the thermal network, a full version, also including the rotor, was run following the cycling of [18] until the rotor iron values reached that temperature. The other parameters of the simulation are shown in Table I .
A. Electrical Results
The hot spot has a small influence in the bar currents measured at the middle of the rotor, as shown in Fig. 6 , where the standard deviation of this magnitude for each bar during the transient is compared. A decrease of just 2.2% is appreciated for the bar facing the hot spot, whereas the neighboring ones are overloaded, 1.4% (Bar 2) and 0.34% (Bar 20). Furthermore, it can also be seen that both models work with overall similar values of current.
In addition, the resistance values for the rotor bars that the EM analytical model utilizes during the simulation are depicted in Fig. 7 . The initial resistance difference introduced by the saddle is 41.9%. The feedback loop that updates these values according to the currents measured in the middle section of the rotor is activated 100 ms after connection to avoid sharp variations due to the EM transient that may destabilize the EM model. At the end of the plug stopping, the bar facing the hot spot has an observed resistance 14.1% greater, whereas the others have just increased around 5%. As expected, Bar 20 (see Fig. 6 , a2) and Bar 2 (see Fig. 6, a3 ) suffer the effect of their higher load. The spread of the rest is a consequence on the different heating caused by the asymmetric components of the EM transient. Fig. 8 shows the analysis of the stator currents using a timefrequency decomposition method based on the Wigner-Ville distribution [18] . The low sideband harmonic (LSH-50, (1-2 s)f) generally used for diagnosing rotor asymmetries is clearly detected in case (a); evolving from 150 to 50 Hz (b1) as the slip progresses from 2 to 1. However, when the material around the hot spot is defined as aluminum, instead of air, and the same simulation is performed, the component cannot be appreciated [see Fig. 8(b) ]. In both cases, the saliency harmonics reflect the decreasing speed of the rotor (b2). Fig. 9 presents the main heat fluxes in and out the thermal network depicted in Fig. 3 . The effect of the speed-dependent convection coefficients on nodes 4 and 6 is shown, reducing the heat transferred out of the end ring and stator. Yet the values of node 5, which faces predominantly laminar conditions in the airgap, remain constant.
B. Thermal Results
The iron losses in the rotor at the beginning of the braking account for just 82 W (13.7 W/kg) compared to the 2.4 kW in resistive losses. Fig. 10 presents the temperatures in several nodes of the thermal network. The cycling has raised the values in the stator, where a high gradient develops at the end of the stationary operation and beginning of the braking. The temperatures of the most external nodes do not suffer a high increase during the transient, as experimentally verified, due to heat capacity of all the elements and the effect of the fan. The recorded increase mea- sured by the thermocouple for Test 81 060 during this transient was 11 K, whereas in the simulation the end space temperature (node 4) rose 11.3 K and the stator 3 (node 13) 3.6 K.
Finally, Fig. 11(a) shows the temperatures reached in the rotor after 5 s of the braking simulation, which took around 100 h in a PC, when the rotor was approaching standstill. The highest temperatures are accounted for at the saddle point at the end of the damaged bar, with a value of 90 K above the shaft. The low heat conductivity of the iron sheets in the axial direction prevents much of the heat produced in the end ring to be transferred elsewhere. 
C. Mechanical Results
Finally, applying the linear elastic solver the deformation and stress of the rotor due to the heating can be obtained (see Fig. 12 ). Since no clearance was allowed between the bars and the iron and the former were casted in closed slots, high stresses were initially obtained on them. However, if only the cage is considered in this analysis, the hot spot becomes the highest stress area, being the Von Mises value of this magnitude 38.6 MPa, well above the yield tension of aluminum at that temperature (14 MPa) thus causing plastic deformation. This permanent deformation, when the cage cools down, creates tensile stresses that initiate and propagate fatigue cracks. Maximum shear stresses are obtained at the same place where the crack was developed in [18] (see Fig. 12 ). The surrounding end ring material suffers lesser permanent effects, since both stress and temperature [see Fig. 11(a) ] are lower, and hence the yield limit of aluminum (17 MPa at 500 K) is barely reached.
V. CONCLUSION
This paper presents an approach intended to provide an insight on the effects of a hot spot in a rotor cage during transient operation. To reduce the computational requirements of such complex problem, a combined analytical-FE simulation is proposed, the EM and the Joule heating phenomena have been segregated in two models, and the thermal behavior of the stator has also been implemented in a separate lumped parameter thermal model. Several assumptions have been made, however, initial results show the capability of the approach for linking the size of the defect with its electrical, thermal, and mechanical effects, among others, the appearance of temperature gradients in the rotor cage due to the limited heat transfer capacity of the surrounding material and the corresponding stresses beyond the yield limit in certain areas of the hot spot, which qualitatively explains the crack propagation's behavior observed in a previous fatigue test.
Future works will be focused on implementing a fatigue model based on these results for application in the RUL estimation and increasing the accuracy of the approach. For instance, taking into account the effect of saturation in the EM analysis would allow linking cause (the size of the hot spot) and the effect produced in the stator currents. This could be carried out either by improving the analytical model or coupling a traditional 2-D FE motor simulation. The thermal part can be enhanced by performing short EM 3-D simulations to ascertain the current distribution in the cage at different frequencies and carrying out the corresponding quantitative validations by experimental procedures.
APPENDIX
Motor characteristics: Star connected, rated voltage (U n ): 400 V, rated power (P n ): 1.5 kW, 1 pole pairs, stator rated current (I 1n ): 3.25 A, rated speed (n n ): 2860 r/min.
